It is proposed to describe the temporal characteristics of a wave propagating in a random medium in terms of its temporal moments. The first two moments are related to the mean arrival time and the mean pulse width. It is shown that the one-position two-frequency mutual coherence function enters in the formulation naturally. The form of the expression suggests expanding the mutual coherence function in a narrow-band expansion whose coefficients can be solved exactly from the parabolic equation that takes into account all multiple scattering effects except the backscattering. A brief survey of the literature shows that the irregularity spectrum, under various conditions, has a power-law dependence. In order to conform to this observation a Bessel function spectrum proposed by Shkarofsky is found convenient to use since it not only reduces to the desired power-law form in the proper range of wavenumber space, but also has all the finite moments. Exact expressions for the mean arrival time and mean square pulse width are obtained; some numerical examples are given. Finally, the effect of noise on these moments is discussed.
INTRODUCTION
There has lately been increased interest in investigating the effects of propagation in a random medium on pulses [Erukhimov et al., 1973; Liu et al., 1974; Lee and Jokipii, 1975; Munk and Zachariasen, 1976 ]. This interest is partially supported by applications in precise ranging measurements and in high data rate communication. In various investigations, the background medium can be nondispersive (such as electromagnetic waves in the atmosphere and sound waves in the ocean) or dispersive (such as electromagnetic waves in the ionosphere, interplanetary, and interstellar media). In terms of geometry, the wave may propagate entirely in the turbulent medium or the turbulence is confined only to a slab so that on exiting from the slab only phase mixing through diffraction will take place. The precise computation of pulse shape is sometimes mathematically demanding and in many applications such precision is not needed. In this paper the concept of temporal moments is introduced and it is shown that the first two moments are related to the mean arrival time of the pulse and the mean pulse width. The mathematics required to obtain these temporal moments is much simplified and general solutions can be found when the background medium is either nondispersive or disper- If the amplitude spectrum of the impressed signal F(II) is not normalized according to (7), the righthand side of (4) must be divided by the left-hand side of (7) so that ((t"(z))) can be interpreted as temporal moments. The time origin condition is useful because it provides a convenient time reference that the mean time of arrival of the signal at z = 0 is 0. But, from (5), <<t(0)>> = F*(dF/dll)dll Physical interpretations are easy for the first few moments given in (10). The case n = 1 can be interpreted as the mean arrival time at z > 0. The case n = 2 is also useful as (((t-((t)))2)) can be interpreted as the mean square pulse width centered at the mean arrival time. The higher-order moments are related to temporal distortion of the pulse, but in a manner less easily interpreted [Baird, 1972] .
TWO-FREQUENCY MUTUAL COHERENCE

FUNCTION
The mutual coherence function needed in calculating the temporal moments in (10) satisfies a transport equation which can be derived in various ways [Chernov, 1970; Tatarskii, 1971; Brown, 1972; Lee, 1974 The coefficients F, for n >-3 can be computed in practice if desired in a similar manner, except that the algebra involved will be rather tedious.
IRREGULARITY SPECTRUM
It is seen in the previous section that the propagation of waves in random media is intimately related to the correlation, or equivalently to the spectrum, of the random field •. There exist in the literature many theories and many measurements, some measurements made in situ and some made by inference, which seem to suggest a power-law spectrum for various situations, i.e., the power spectrum has the spatial wave number dependence 1/K v. Examples can be found for the turbulent atmosphere given by the Kolmogorov-Obukhov theory in the inertial range (summarized by Tatarskii [1971] broadening term is due to the A n term and is equal to 10 -•5 sec 2, which is approximately equal to ((t 2 (0))), the original mean square pulse width.
That is, under these circumstances, the pulse length is approximately doubled even at a frequency as high as one gigahertz. Higher-order temporal moments can be similarly computed at least in principle, although owing to the large number of terms the computations will be algebraically tedious. These higher-order moments show the skewness and other higher-order properties of the pulse.
DISCUSSION AND CONCLUSION
We have proposed to describe the temporal signal characteristics after propagating through a random medium in terms of their temporal moments defined by (4). In order to interpret the physical meaning of these moments, two conditions are imposed' the In all the above discussion the possible effects caused by noise are completely ignored. In practice the signal given by (2) must compete against the noise. The statistical properties of a deterministic sinusoidal signal in a narrow-band gaussian noise are well known [Rice, 1944 [Rice, , 1945 . Specifically, the resultant envelope has a Ricean distribution and the total power is equal to the sum of the signal power and the noise power. However, our signal is not deterministic because it has propagated through the random medium. If we assume that the random signal is statistically independent of the noise, a slight generalization of these earlier results will give where R is the envelope of the resultant and A is the envelope of the signal. Since the observer can measure only R and not A, the nth temporal moment is then ((tn(z) side of (63) the first two terms give the mean square pulse width in the absence of noise and the last term arises from noise. Equations (62) and (63) show that in practice the noise may affect the determination of the mean arrival time and the mean square pulse width of the signal. In applications fo communication, the lengthening of pulse by propagation effects discussed in this paper is very undesirable because of its possible cause on intersymbol interference. One way to overcome this difficulty is to design a pulse so that such propagation effects will be minimized. This problem is being looked into and will be a topic for future communication.
